For a partially degradable (PD) channel, the channel output state can be used to simulate the degraded environment state. The quantum capacity of a PD channel has been proven to be additive. Here, we show that the private classical capacity of arbitrary dimensional PD channels is equal to the quantum capacity of the channel and also single-letterizes. We prove that higher rates of private classical communication can be achieved over a PD channel in comparison to standard degradable channels.
Introduction
The existence of partially degradable (PD) channels has been recently investigated, and it was shown that PD channels exist in the world of those qudit channels that have entanglementbinding complementary channels [1] . The PD channel set involves conjugate-PD channels, which represent a subset in the conjugate degradable channels; this set was introduced by Bradler et al. [11] . The sets of more capable and less noisy quantum channels were defined by Watanabe [2] , and it was further demonstrated that other, well-characterized channel sets could be defined beyond the degradable and conjugate-degradable channels. The quantum capacity [3] , [6] [7] [8] , [12] [13] [14] [15] [16] of some of these channels also single-letterizes, similar to the quantum capacity of PD channels
Preliminaries
The single-letter private classical capacity (private information) can be expressed as 
where is the mutual information between the sender, Alice ( and the receiver, Bob , while stands for the mutual information between Alice and the eavesdropper, Eve . The optimization is taken over ( :
p r ¢ , where is an arbitrary system over , with arbitrary probability distribution p x on a finite set , A , while
are not necessarily pure states [2] . The private capacity is defined as ( ) 
The single-letter quantum capacity is defined as 
r y y = are pure states, and is a probability distribution over with
. The quantum capacity is defined as:
Further basic definitions will be revealed in the proof.
The private classical capacity single-letterizes
The main result on the private classical capacity of a PD channel is summarized in Theorem 1.
Theorem 1.
The private classical capacity of a PD channel single-letterizes and is equal to the quantum capacity of the channel.
Proof.
The sketch of the proof as follows. The private classical and quantum capacities of a PD channel will be denoted by , , respectively. First, we define an input system for which the general rule
between the private information and the maximized coherent information holds, then we show that there exists another input system for which it turns to its opposite, i.e., (
Then, by exploiting the properties of the complementary channel of a PD channel, we conclude that it finally has to led to . The argument behind these statements is as follows.
Let us start from the beginning. For any channel , assuming input system , the coherent information is expressed as
: It arises from the fact that an entanglement-binding channel generates a PPT (Positive Partial
output system (i.e., a bound entangled system), which cannot be used for quantum communication, but allows private classical communication [1] , [10] . Let be a PD channel with entanglement-binding complementary channel , characterized by input system
where x x r y y = x are pure states on , and is a probability distribution over A with
, from which the relation follows for of :
A PD channel with the degraded entanglement-binding complementary channel , is characterized by the input system as
where are not necessarily pure states on , and is a probability distribution over the finite set A , A . From this, we have the following relation for of :
i.e., the amount of private classical information that is leaked to the Eve is lower for , in comparison to . For inputs and , the relationships
: :
follow for the maximized coherent information and the private information, from which we immediately conclude that for and ,
Since for a PD channel the quantum capacity single-letterizes [1] , it leads to ( )
To step further in the proof, we define an arbitrary input system on as
where and are random variables over set A , and
are pure states on [2] . The probability distribution is arbitrary. The system defined in
where
y ¢ is arbitrary [2] , and the density matrix refers to a system on  . Assuming defined in 
For (15), the following connection holds between the single-letter capacities:
,
where is a weighting parameter, defined as
where A . In other words, parameter h is the difference of private information and coherent information functions obtained in
holds, while for the non-negative private information, we have 
The input system (defined in 
and by exploiting the fact that the quantum capacity of a PD-channel single-letterizes [1] it leads to ( )
From the inequalities (13) and (24), the following conclusion can be made for the private information and the coherent information of a PD channel for all :
Since the quantum capacity of a PD channel single-letterizes [1] , it leads to the following conclusion regarding the private classical capacity of a PD channel:
which completes the proof.
These results conclude the proof of Theorem 1. ■
Rate of private classical communication
The main result on the rate of private classical communication over PD channel is summarized in Theorem 2.
Theorem 2. The maximal rate of private classical communication over a PD channel is higher than that of standard degradable channels.

Proof.
The results strictly follow from the results obtained in the previous section. Since then, we have found that the private classical capacity is, indeed, equal to the quantum capacity of the channel. For a PD channel, it was already shown that it allows better quantum data rates in comparison to non-PD channels, thanks to the partial simulation property that benefit arises from the structure of a PD channel [1] . On the other hand, for a degradable channel, it was shown that its private classical capacity equals to the quantum capacity [5] , [9] . Thanks to the structural properties of the PD set, higher quantum data rates can be obtained in comparison to standard, non-PD degradable channels [1] . By combining the results of [1] on the quantum capacity of a PD channel, with the results obtained in Theorem 1, it will follow that a PD channel allows higher rates of private classical communication.
For a degradable channel, it is known that ( )
. Here, we show that for the rate of private classical communication for a degradable and a PD channel the relation R holds. We will find that for a PD channel, the amount of classical (non-private) information that is leaked to Eve is lower in comparison to non-PD degradable channels, and −thanks to Theorem 1, we already know that it is, in fact, equal to the amount of classical information that is leaked to the environment. What does it follow from this result? An important corollary. Namely, it leads to , where is the rate of quantum communication over a PD channel.
To see it, let us allow to rewrite the previously introduced capacity formulas. First, we exploit the fact that and of a and channel can be expressed as follows:
and 
where and are the average states.
For a channel, with the logical channels and we write
The rate improvement is a corollary that follows from the structural differences of the complementary channels and . 
D AE
The difference of the Holevo information of the complementary channels of a and channel can be quantified as
To see it, we express the quantities   and as ,
where variable A characterizes the channel with complementary channel , while variable A identifies the channel with , hence
where . The quantities and are
These clearly demonstrate that the improvement in the private classical capacity is ( ) ( ( 
from which the conclusion
follows for any . From the results obtained in [1] , we know that for the quantum capacity of a and channel, the relationship
holds, while from the proof of Theorem 1, we know that the quantum capacity is, in fact, equal to the private capacity, from which statements, we finally get ( ) 
From the results obtained in (43), it follows that by using capacity-achieving codes, for the rates of private classical communication the following connection can be achieved:
where is the rate improvement, which can be achieved by the given channel coding scheme (limited to D ). For the rate of private classical communication over a and channel, the relationship
clearly follows. At this point we summarize the results. We have confirmed that for a PD channel, the same improvement can be realized in the transmission rate of private classical information than for the quantum data rate of the channel. This result leads to higher rates of private classical communication in comparison to standard, non-PD degradable channels.
These results conclude the proof of Theorem 2. ■
Conclusions
We showed the partial degradability property can be further exploited and the benefits can be extended for the transmission of private classical information. We have proven that the private classical capacity of a PD channel single-letterizes and is equal to the quantum capacity of that channel. We also revealed that higher rates of private classical communication can be achieved over a PD channel in comparison to standard, non-PD degradable channels. These results demonstrate that the structural benefits of a PD-channel can be further exploited and allowed to exceed the current boundaries on the rates of achievable private classical communication over standard degradable channels.
